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Motivated by the recent achievements in the framework of the semiclassical limit of
the M-theory/field theory correspondence, we propose an approach for obtaining exact
membrane solutions in general enough M-theory backgrounds, having field theory dual
description. As an application of the derived general results, we obtain several types of
membrane solutions in AdS4 × S7 M-theory background.
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1 Introduction
In the last few years, a remarkable progress has been achieved in understanding the
semiclassical limit of the string/gauge theory duality, where the classical string solutions
in curved backgrounds play an important role. Expectedly, attempts have been made to
extend this success to M-theory/field theory correspondence and in particular, to obtain
new membrane solutions and relate their conserved charges to the dual objects on the
field theory side [1]-[6].
M2-brane configurations in AdS7 × S4 space-time, with field theory dual AN−1(2, 0)
SCFT , have been considered in [1]-[3]. In [1], rotating membrane solution in AdS7
have been obtained. Rotating and boosted membrane configurations was investigated
in [2]. Multiwrapped circular membrane, pulsating in the radial direction of AdS7, has
been considered in [3]. The article [4] is devoted mainly to the investigation of rotating
membranes on G2 manifolds. However, membrane configurations in AdS4 × S7, AdS4 ×
Q1,1,1, warped AdS5 ×M6 and in 11-dimensional AdS-black hole backgrounds have been
also considered. In [5] and [6], new membrane solutions in AdSp × Sq have been also
obtained, by using different type of membrane embedding.
To further develop the above achievements, it will be useful to have a method for
obtaining exact membrane solutions in general enough M-theory backgrounds, having
gauge theory dual description.
In [7], an approach has been proposed, which give the possibility for obtaining explicit
exact solutions of the equations of motion and constraints for p-brane and Dp-brane em-
bedding, such that the resulting dynamics depends only on the worldvolume time parame-
ter τ . In [8], this method has been applied to membranes (p=2) in AdS7×S4 background.
Here, in section 2, we extend the above approach to membrane embedding, which lead to
σ-dependent dynamics, where σ is one of the spatial vorldvolume coordinates. In section
3, as an application of the derived general results, we consider membranes moving in
AdS4 × S7 space-time.
1
2 Membrane dynamics in generic background
In what follows, we will use an action for membrane moving in curved space-time with
metric tensor gMN(x), and interacting with a background 3-form gauge field bMNP (x),
which is given by
S =
∫
d3ξL =
∫
d3ξ
{
1
4λ0
[
G00 − 2λjG0j + λiλjGij −
(
2λ0T2
)2
detGij
]
+ T2B012
}
, (2.1)
where
Gmn = gMN(X)∂mX
M∂nX
N , B012 = bMNP (X)∂0X
M∂1X
N∂2X
P ,
∂m = ∂/∂ξ
m, m = (0, i) = (0, 1, 2), M = (0, 1, . . . , 10),
are the fields induced on the membrane worldvolume, λm are Lagrange multipliers, xM =
XM(ξ) are the membrane embedding coordinates, and T2 is its tension. As shown in [7],
the above action is classically equivalent to the Nambu-Goto type action
SNG = −T2
∫
d3ξ
(√
− detGmn − 1
6
εmnp∂mX
M∂nX
N∂pX
P bMNP
)
(2.2)
and to the Polyakov type action
SP = −T2
2
∫
d3ξ
[√−γ (γmnGmn − 1)− 1
3
εmnp∂mX
M∂nX
N∂pX
P bMNP
]
, (2.3)
where γmn is the auxiliary worldvolume metric and γ = det γmn.
We choose to use the action (2.1), because it possesses the following advantages. First
of all, it does not contain square root (as the Nambu-Goto type action), thus avoiding
the introduction of additional nonlinearities in the equations of motion. Besides, the
equations of motion for the Lagrange multipliers λm generate the independent constraints
only (opposite to the Polyakov type action). Finally, this action gives a unified description
for the tensile and tensionless membranes, so the limit T2 → 0 may be taken at any time
(opposite to both other actions).
Further on, we will work in the worldvolume gauge λm = constants, in which the
equations of motion for XM , following from (2.1), are given by (G ≡ detGij)
gLN
[(
∂0 − λi∂i
) (
∂0 − λj∂j
)
XN −
(
2λ0T2
)2
∂i
(
GGij∂jX
N
)]
(2.4)
+ΓL,MN
[(
∂0 − λi∂i
)
XM
(
∂0 − λj∂j
)
XN −
(
2λ0T2
)2
GGij∂iX
M∂jX
N
]
= 2λ0T2HLMNP∂0X
M∂1X
N∂2X
P ,
where
ΓL,MN = gLKΓ
K
MN =
1
2
(∂MgNL + ∂NgML − ∂LgMN)
are the components of the symmetric connection corresponding to the metric gMN and
HLMNP is the field strength of the 3-form gauge field bMNP .
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By varying the action (2.1) with respect to λm, one obtains the constraints
4λ0
(
T 00 − λiT 0i
)
= G00 − 2λjG0j + λiλjGij +
(
2λ0T2
)2
G = 0, (2.5)
2λ0T 0j = G0j − λiGij = 0. (2.6)
To simplify the constraint (2.5), we put (2.6) in it, which results in
4λ0T 00 = G00 − λiλjGij +
(
2λ0T2
)2
G = 0. (2.7)
Thus, our independent constraints, with which we will work from now on, are given by
(2.7) and (2.6), where T 00 and T
0
i are the independent components of the worldvolume
stress-energy tensor. In practice, it turns out that using the diagonal worldvolume gauge
λi = 0 simplify the considerations a lot, as we will see later on1. In this case, the
constraints reduce to
G00 +
(
2λ0T2
)2
G = 0,
G0i = 0. (2.8)
In particular, this means that the induced metric must be block-diagonal.
Here, we will investigate the membrane dynamics in the framework of the following
type of embedding (Λµm = constants)
Xµ(ξm) = Xµ(τ, δ, σ) = Λµmξ
m = Λµ0τ + Λ
µ
1δ + Λ
µ
2σ, X
a(ξm) = Za(σ). (2.9)
In the above formulas, the embedding coordinates XM(ξm) are divided into XM =
(Xµ, Xa), where Xµ(ξm) correspond to the space-time coordinates xµ, on which the back-
ground fields do not depend
∂µgMN = 0, ∂µbMNP = 0. (2.10)
In other words, we suppose that there exist nµ commuting Killing vector fields ∂/∂x
µ,
where nµ is the number of the coordinates x
µ.
Taking into account the ansatz (2.9), one obtains that the fields induced on the mem-
brane worldvolume are given by (the prime is used for d/dσ)
G00 = Λ
µ
0Λ
ν
0gµν , G11 = Λ
µ
1Λ
ν
1gµν , G22 = gabZ
′aZ ′b + 2Λµ2gµaZ
′a + Λµ2Λ
ν
2gµν ,
G01 = Λ
µ
0Λ
ν
1gµν , G02 = Λ
µ
0 (gµaZ
′a + Λν2gµν) , G12 = Λ
µ
1 (gµaZ
′a + Λν2gµν) ,
B012 = Λ
µ
0Λ
ν
1 (bµνaZ
′a + Λρ2bµνρ) . (2.11)
Correspondingly, the Lagrangian density in the action (2.1) reduces to
LA(σ) = 1
4λ0
[
Kab(g)Z
′aZ ′b + 2Aa(g, b)Z
′a − V (g, b)
]
, (2.12)
1This corresponds to the gauge choice in [4], where the Polyakov type action (2.3) was used.
3
where
Kab(g) = (λ
2)2gab −
(
2λ0T2
)2
Λµ1Λ
ν
1 (gabgµν − gaµgbν) ,
Aa(g, b) = −λ2
(
Λµ0 − λiΛµi
)
gaµ +
(
2λ0T2
)2
Λµ1Λ
ν
1Λ
ρ
2 (gaµgνρ − gaρgµν) +
2λ0T2Λ
µ
0Λ
ν
1baµν ,
V (g, b) = −
(
Λµ0 − λiΛµi
) (
Λν0 − λjΛνj
)
gµν +
(
2λ0T2
)2
Λµ1Λ
ν
1Λ
ρ
2Λ
λ
2 (gµνgρλ − gµρgνλ)
−4λ0T2Λµ0Λν1Λρ2bµνρ.
LA does not depend on τ and δ because of (2.9) and (2.10).
Let us introduce the densities
PM =
∂L
∂ (∂0XM)
, P iM =
∂L
∂ (∂iXM)
.
Then, in view of (2.9) and (2.10), PM and P iM do not depend on τ and δ, and the equations
of motion (2.4) acquire the form
[
P2µ(σ)
]′
= 0, (2.13)
(
P2a
)′ − ∂LA
∂Za
= 0. (2.14)
The equations (2.13) just state that P2µ are constants of the motion:
2λ0P2µ =
[
(λ2)2gµa +
(
2λ0T2
)2
Λν1Λ
ρ
1 (gµνgρa − gνρgµa)
]
Z ′a − λ2
(
Λν0 − λjΛνj
)
gµν
+
(
2λ0T2
)2
Λν1Λ
ρ
1Λ
λ
2 (gµνgρλ − gµλgνρ) + 2λ0T2Λν0Λρ1bµνρ = constants. (2.15)
On the other hand, as far as LA does not depend on Xµ, the momenta
pµ =
∫
d2ξPµ (2.16)
=
1
2λ0
∫ ∫
dδdσ
[(
−λ2gµa + 2λ0T2Λν1bµνa
)
Z ′a +
(
Λν0 − λjΛνj
)
gµν + 2λ
0T2Λ
ν
1Λ
ρ
2bµνρ
]
are conserved, i.e. they do not depend on the proper time τ .
The remaining equations (2.14) may be rewritten as
KabZ
′′b + ΓKa,bcZ
′bZ ′c − 2∂[aAb]Z ′b + 1
2
∂aU = 0, (2.17)
where
ΓKa,bc =
1
2
(∂bKca + ∂cKba − ∂aKbc) ,
∂[aAb] =
1
2
(∂aAb − ∂bAa) , U = V + 4λ0Λµ2P2µ.
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The constraints (2.7) and (2.6) take the form
KabZ
′aZ ′b + U = 0, (2.18)
Λµ1
[
λ2gµaZ
′a −
(
Λν0 − λjΛνj
)
gµν
]
= 0, (2.19)
λ2gabZ
′aZ ′b +
[
λ2Λµ2 −
(
Λµ0 − λiΛµi
)]
gµaZ
′a + Λµ2
(
Λν0 − λjΛνj
)
gµν = 0. (2.20)
Thus far, based on (2.9) and (2.10), we reduced the membrane dynamics to the problem
of solving the equations of motion (2.17), and constraints (2.18), (2.19) and (2.20). Let
us first consider the last two constraints. If we choose the worldvolume gauge λ2 = 0,
they reduce to(
Λµ0 − λ1Λµ1
)
Λν1gµν = 0,
(
Λµ0 − λ1Λµ1
)
(gµaZ
′a − Λν2gµν) = 0,
and are obviously satisfied identically for Λµ0 = λ
1Λµ1 . Another type of solution may be
obtained in diagonal worldvolume gauge λi = 0, when the background metric is block-
diagonal, i.e. gµa = 0, which is often the case. Then, (2.19) and (2.20) take the form
Λµ0Λ
ν
1gµν = 0, Λ
µ
0Λ
ν
2gµν = 0.
These equalities can be satisfied identically with appropriate choice of the embedding
parameters Λµm. In both cases, our next task is to consider the remaining equations (2.17)
and (2.18). They have the same form as for the different type of membrane embedding
considered in [7, 8], and therefore, may be treated analogously. In our notations, the
results are the following.
If the embedding is such that the background seen by the membrane depends on only
one coordinate xa , then the constraint (2.18) is first integral of the equation of motion
(2.17) for Xa(ξm) = Za(σ), and the general solution is given by
σ (Xa) = σ0 +
∫ Xa
Xa
0
(
− U
Kaa
)−1/2
dx, (2.21)
where σ0 and X
a
0 are arbitrary constants.
When the background felt by the membrane depends on more than one coordinate xa,
the first integrals of the equations of motion for Za(σ) = (Zr, Zα), which also solve the
constraint (2.18), are
(KrrZ
′r)
2
= Krr

(nα − 1)U − 2nα (Ar − ∂rf)Z ′r −∑
α
Dα
(
Za6=α
)
Kαα

 , (2.22)
(KααZ
′α)
2
= Dα
(
Za6=α
)
+Kαα [2 (Ar − ∂rf)Z ′r − U ] , (2.23)
where Zr is one of the coordinates Za, Zα are the remaining ones, nα is the number of
Zα, and Dα are arbitrary functions of their arguments. The above expressions are valid,
if the ”metric” Kab is diagonal one, and the following integrability conditions hold
Aa ≡ (Ar, Aα) = (Ar, ∂αf), ∂α
(
Kαα
Kaa
)
= 0,
∂α (KrrZ
′r)
2
= 0, ∂r (KααZ
′α)
2
= 0.
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3 An example
In this section, as an example, we will apply our approach to a membrane moving in
AdS4×S7 M-theory background. The metric and the three-form gauge field are given by
ds2AdS4×S7 = l
2
11
[
− cosh2 ρdt2 + dρ2 + sinh2 ρ
(
dα2 + sin2 αdβ2
)
+B2ds27
]
,
b3 = −k
3
sinh3 ρ sinαdt ∧ dα ∧ dβ, k = const,
where B is the relative radius of AdS4 with respect to the seven-sphere. We choose to
parameterize S7 as in [4]:
ds27 = 4dξ
2 + cos2 ξ
(
dθ2 + dφ2 + dψ2 + 2 cos θdφdψ
)
+ sin2 ξ
(
dθ21 + dφ
2
1 + dψ
2
1 + 2 cos θ1dφ1dψ1
)
.
Now, consider the following membrane embedding of the type (2.9)
X0(τ, δ, σ) ≡ t(τ, δ, σ) = Λ00τ,
X1(τ, δ, σ) = Z1(σ) = ρ(σ),
X2(τ, δ, σ) = Z2(σ) = α(σ),
X3(τ, δ, σ) ≡ β(τ, δ, σ) = Λ30τ + Λ31δ + Λ32σ,
X4(τ, δ, σ) ≡ φ(τ, δ, σ) = Λ40τ + Λ41δ + Λ42σ,
X5(τ, δ, σ) ≡ ψ(τ, δ, σ) = Λ50τ + Λ51δ + Λ52σ,
where in our notations µ = 0, 3, 4, 5, a = 1, 2. The relevant background seen by the
membrane is
ds2 = l211
[
− cosh2 ρdt2 + dρ2 + sinh2 ρ
(
dα2 + sin2 αdβ2
)
+ B2
(
dφ2 + dψ2 + 2dφdψ
)]
b023 = −k
3
sinh3 ρ sinα.
According to (2.11), the fields induced on the membrane worldvolume are
G00 = −l211
[(
Λ00
)2
cosh2 ρ−
(
Λ30
)2
sinh2 ρ sin2 α−B2
(
Λ40 + Λ
5
0
)2]
,
G11 = l
2
11
[(
Λ31
)2
sinh2 ρ sin2 α +B2
(
Λ41 + Λ
5
1
)2]
,
G22 = l
2
11
{
ρ′2 + sinh2 ρ
[
α′2 +
(
Λ32
)2
sin2 α
]
+B2
(
Λ42 + Λ
5
2
)2}
,
G01 = l
2
11
[
Λ30Λ
3
1 sinh
2 ρ sin2 α +B2
(
Λ40 + Λ
5
0
) (
Λ41 + Λ
5
1
)]
,
G02 = l
2
11
[
Λ30Λ
3
2 sinh
2 ρ sin2 α +B2
(
Λ40 + Λ
5
0
) (
Λ42 + Λ
5
2
)]
,
G12 = l
2
11
[
Λ31Λ
3
2 sinh
2 ρ sin2 α +B2
(
Λ41 + Λ
5
1
) (
Λ42 + Λ
5
2
)]
,
B012 =
k
3
Λ00Λ
3
1α
′ sinh3 ρ sinα.
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For simplicity, we choose to work in diagonal worldvolume gauge λi = 0 in which, in
accordance with (2.8), we must have G0i = 0. There exist four types of solutions for these
constraints, for the membrane embedding used:
Λ3i = 0, Λ
5
i = −Λ4i , (3.1)
Λ3i = 0, Λ
5
0 = −Λ40, (3.2)
Λ30 = 0, Λ
5
i = −Λ4i ,
Λ30 = 0, Λ
5
0 = −Λ40.
Let us note that in the first two cases, which will be considered here, the induced B-field
is zero, while for the last two, it is not. They will be considered in [9] along with other
membrane configurations in diverse M-theory backgrounds.
Working in the framework of ansatz (3.1), one obtains that detGmn = G = 0, i.e.
this case corresponds to null membrane. The Nambu-Goto type action (2.2) is identically
zero, and our action simplifies to
S =
∫
d3ξ
G00
4λ0
.
The equations of motion (2.17) and the remaining constraint (2.18) take the form
∂aG00 = 0, G00 = 0.
Obviously, the constraint is the searched solution of the equations of motion. Moreover,
it gives the trajectory ρ = ρ(α):
sinh ρ(α) =
[
(B/Λ00)
2
(Λ40 + Λ
5
0)
2 − 1
1− (Λ30/Λ00)2 sin2 α
]1/2
.
In the case under consideration, the constants of the motion (2.15) are zero, while the
conserved momenta (2.16) are connected with each other by the equality
Λ00E = Λ
3
0S +
2λ0
l211B
2
J2,
where E = −p0, S = p3, J = p4 = p5.
In the framework of ansatz (3.2), one obtains that the Nambu-Goto type action (2.2)
is given by
SNG = −T2l311B
(
Λ41 + Λ
5
1
) ∫
d3ξ
×
√{
sinh2 ρ
[
(Λ00)
2 − (Λ30)2 sin2 α
]
+ (Λ00)
2
} (
ρ′2 + α′2 sinh2 ρ
)
.
Our Lagrangian (2.12) is
LA(σ) = − l
2
11
4λ0
{(
2λ0T2
)2
(l11B)
2
(
Λ41 + Λ
5
1
)2 (
ρ′2 + α′2 sinh2 ρ
)
+ sinh2 ρ
[(
Λ00
)2 − (Λ30)2 sin2 α
]
+
(
Λ00
)2}
,
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which means that
K11 = −
(
2λ0T2
)2 (
l211B
)2 (
Λ41 + Λ
5
1
)2 ≡ −K2, K22 = −K2 sinh2 ρ,
Aa = 0, V = l
2
11
{
sinh2 ρ
[(
Λ00
)2 − (Λ30)2 sin2 α
]
+
(
Λ00
)2}
.
The constants of the motion P2µ are zero again. Now, the conserved quantities (2.16) read
E = −p0 = l
2
11
2λ0
Λ00
∫
d2ξ cosh2 ρ,
S = p3 =
l211
2λ0
Λ30
∫
d2ξ sinh2 ρ sin2 α,
J = p4 = p5 = 0.
If we fix α or ρ, the membrane solution is given by (2.21). Let us consider these
particular cases.
Taking α = 0, we obtain
ρ(σ) = ln tan (σ/2Aρ) , Aρ = 2λ
0T2l11B
Λ41 + Λ
5
1
Λ00
.
For α = α0 6= 0, pi, there exist two different solutions:
ρ(σ) =
1
2
ln
1 + sn(σ/Aρ)
1− sn(σ/Aρ) , k
2 = 1−
(
Λ30/Λ
0
0
)2
sin2 α0 ∈ (0, 1);
tanh ρ(σ) =
1√
1 + k2
sn
(√
1 + k2
Aρ
σ
)
, k2 =
(
Λ30/Λ
0
0
)2
sin2 α0 − 1 ∈ (0, 1),
where sn(u) is one of the Jacobian elliptic functions.
Fixing ρ = ρ0 6= 0, one obtains
α(σ) = arcsin [sn (σ/Aα)] , α ∈ (−pi/2, pi/2),
Aα = Aρ tanh ρ0, k
2 =
(
Λ30/Λ
0
0
)2
tanh2 ρ0 ∈ (0, 1).
Now, let us turn to the general case, when none of the coordinates ρ and α is kept
fixed. The equations of motion (2.17) and the yet unsolved constraint (2.18) may be
written in the form
(K11ρ
′)
′ − 1
2
∂K22
∂ρ
α′2 +
1
2
∂V
∂ρ
= 0, (3.3)
(K22α
′)
′
+
1
2
∂V
∂α
= 0, (3.4)
K11ρ
′2 +K22α
′2 + V = 0. (3.5)
(3.3) and (3.4), with the help of (3.5), can be transformed into
[
(K11ρ
′)
2
]′
+ ρ′
[
∂
∂ρ
K11V + (K22α
′)
2 ∂
∂ρ
K11
K22
]
= 0,
[
(K22α
′)
2
]′
+ α′
∂
∂α
K22V = 0,
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which possess first integrals of the type (2.22), (2.23). In order to be able to give explicit
solution, we set Λ30 = 0 and obtain
cosh ρ(σ) =
A
cn(Cσ)
,
where cn(u) is Jacobian elliptic function,
A =
√√√√√√1
2

1 +
√√√√1 +
(
2d
l11Λ00K
)2, C = l11Λ00
K

1 +
(
2d
l11Λ00K
)2
1/4
,
and d is an arbitrary constant. The solution for the membrane trajectory is the following
α(ρ) =
d
(A2 − 1)CK2
[
A2Π
(
ϕ,− 1
A2 − 1 , k
)
−
(
A2 − 1
)
F (ϕ, k)
]
,
where Π and F are elliptic integrals, and
ϕ = arccos
(
A
cosh ρ
)
, k =

1 +
(
2d
l11Λ
0
0K
)2
−1/4
√√√√√√1
2


√√√√1 +
(
2d
l11Λ
0
0K
)2
− 1

.
The condition Λ30 = 0 leads to S = 0, and the membrane energy E remains the only
nontrivial conserved quantity. On the obtained solution, it is given by
E = A2E0 +
piCK2
2λ0Λ00
[
sn(2piC)dn(2piC)
cn(2piC)
− E(k)
]
, E0 = Eρ=0,
where E(k) is the complete elliptic integral of second kind.
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